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1 Introduction 

Loop Quantum Gravity (LQG) is an attempt to make a background independent, non-perturbative 
quantization of 4-dimensional General Relativity (GR) - for reviews, see [1-3]. It is inspired by the 
classical formulation of GR as a dynamical theory of connections. The present article is concerning the 
covariant spinfoam approach of LQG [3]. The current spinfoam models for quantum gravity are mostly 
inspired by the 4-dimensional Plebanski formulation of GR (or Plebanski-Holst formulation by including 
the Barbero-lmmirzi parameter 7), which is a BF theory constrained by the condition that the B field 
should be "simple" i.e. there is a tetrad field e such that B = *(e A e). Currently one of the successful 
spinfoam models is the Engle-Pereira-Rovelli-Livine (EPRL) spinfoam model defined in [4], whose (weak) 
implementation of simplicity constraint is understood in the sense of [5]. 

The semiclassical behavior of spinfoam model is currently understood in terms of the large spin 
asymptotics of the spinfoam amplitude. We consider a spinfoam model as a state-sum 

^(/c) = EfO/)A,(/c) (1.1) 
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where /^(//) is a weight. We investigate the asymptotic behavior of the (partial-) amplitude A; as all 
the spins jf are taken to be large uniformly. The area spectrum in LQG is given approximately by 
Af = "YJfi^, so the semiclassical limit of spinfoam models is argued to be achieved by taking £p — >• 
while keeping the area Af fixed, which results in jf — t- oo uniformly as 7 is a fixed Barbero-lmmirzi 
parameter. There is another argument relating the large-j asymptotics of the spinfoam vertex amplitude 
to the semiclassical limit, by imposing the semiclassical boundary state to the vertex amplitude [6]. 
Mathematically the asymptotic problem is posed by making a uniform scaling for the spins jf 1— t- Ajf, 
and studying the asymptotic behavior of the amplitude Aj^jAlC) as A — ?► 00. 

In the above sense of large-j asymptotics, the EPRL vertex amplitude is shown to reproduce the 
classical discrete GR in the large-j asymptotics [7]. More precisely it is shown that the asymptotics 
of the EPRL vertex amplitude is mainly a Cosine of the Regge action in a 4-simplex if the boundary 
data admits a nondegenerate 4-simplex geometry, and the asymptotics is non-oscillatory if the boundary 
data doesn't admit a nondegenerate 4-simplex geometry. There are many investigations for the large- 
j asymptotics of various spinfoam models. For example, the asymptotics of the Barrett-Crane vertex 
amplitude (lOj-symbol) is studied in [8], which shows that the spinfoam configurations of degenerate 
geometry in Barrett-Crane model were non-oscillatory, but dominant. The large-j asymptotics of the FK 
model is studied in [9], concerning the nondegenerate Riemanian geometry, in the case of a simplicial 
complex without boundary. A general investigation is carried out in [10] for the EPRL model of both 
Euclidean and Lorentzian signature on a simplicial complex either with or without boundary, including 
the analysis of spinfoam configurations of both nondegenerate and degenerate geometries. There are also 
studies of the Euclidean/Lorentzian spinfoam amplitude by including an additional scaling of Barbero- 
lmmirzi parameter [11]. 

The present work focus on the large spin asymptotic analysis of the Lorentzian EPRL (partial) 
amplitude, but the analysis starts from a new "spinfoam action" for the stationary phase approximation. 
The new spinfoam action and the corresponding path integral representation is derived from top to down 
from the group-representation-theoretic definition of the model in [12], it is more elegant and economic 
than the one employed in [10] because it has less integration variables. Here we still focus on the discussion 
of spinfoam partial amplitude. When the sum over spin is taking into account, the semiclassical behavior 
of the spinfoam model is investigated in the companion papers [13]. 

In the present paper we develop a systematic analysis of the spinfoam large spin asymptotics. We 
make the discussion pedagogical and self-contained in this paper. Here we clarify the relation between 
the spinfoam model and classical simplicial geometry via the large spin asymptotic expansion. More 
precisely, in the large spin regime, there is an equivalence between the spinfoam critical configuration 
(with certain nondegeneracy assumption) and a classical Lorentzian simplicial geometry (discussed in 
Section 8). Such an equivalence relation allows us to classify the spinfoam critical configurations by their 
geometrical interpretations, via two types of solution-generating maps (in Section 9). The equivalence 
between spinfoam critical configuration and simplical geometry also allows us to define the notion of 
globally oriented and time-oriented spinfoam critical configuration (in Section 10). It is shown (in Section 
12) that only at a globally oriented and time-oriented spinfoam critical configuration, the leading order 
contribution of spinfoam large spin asymptotics gives precisely an exponential of Lorentzian Regge action 
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of General Relativity. At all other critical configurations, spinfoam large spin asymptotics modifies the 
Regge action at the leading order approximation. 

2 Algebraic Preliminaries: Principal Series of SL(2,C) 

Following the book by W. Riihl [14], we give here an overview of the principal series representations of 
SL(2, C), realized on functions on SU(2). 

We consider the non-compact group SL(2, C) of complex matrices of determinant 1 

SL{2,C) = \g= ['^ ] a,b,c,d eC ad-hc = l\. (2.1) 

The principal series are infinite dimensional unitary irreducible representations of SL(2, C) indexed by a 
half integer k and a real parameter v. These representations are not equivalent except Tij^^y — T-L^k,-v so 
that we restrict our attention to non negative k. 

Til^y is conveniently described in terms of functions on the compact group SU(2), 

SU{2) = \h=\J ~^\ u,veC \u\^ + \v\^ = l\. (2.2) 

Complex valued functions on SU(2) equipped with the L^ scalar product derived from the Haar measure 
form a Hilbert space L (SU(2)). Using the Peter- Weyl theorem, any such function can be expanded on 
the Wigner matrices 



f(^)= E fLuDLAh)- (2.3) 

yelN/2, 
m,nlE{-j,-j+l,...,j} 

The matrix elements obey the Schur orhogonality relations 

/ dhDL,n{h)Dl^,{h) = ^Si'''Sm,nSm',n', (2.4) 

JSU(2) ' ^ ' m,n y J ^. 



with dj = 2j + 1. As a Hilbert space, Ti^^y is the subspace of L^(SU(2)) made of functions obeying the 
covariance condition 

_. G SU{2). (2.5) 

Since D„,„(7) = (5„;„e "'^, the covariance condition (2.5) restricts the summation in (2.3) to m = k, 
hence j > k with 2j and 2k having the same parity. An orthonormal basis of T-Ljcv is therefore made of a 
subset of Wigner matrices, considered as functions of h, 

{h\hm)m, = ^i'D^mih), m e {-;■ ■ ■ ■ ,]}, k < ], (2.6) 

where we used the subscript "Hit,!/ to distinguish this basis from the standard basis \],m) of the spin ] 
representation of SU(2). Consequently, as a representation of SU(2) (an SU(2) element acting by right 
multiplication on the argument of f ), it decomposes as 

^Kv= ® ^l (2.7) 
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with T-Lj the standard spiny representation of SU(2). This is the action of the subgroup SU(2) C SL(2, C). 
Note that SU(2) does not see the real parameter v. 

To define the action of SL(2, C), let us first note that any g E SL(2, C) can be written as 

g = kh (2.8) 

with h G SU{2) and k E K, where K is the SL(2, C) subgroup 

K=\k=l^ ^],\eC*,^ec\. (2.9) 



Explicitly, this decomposition reads 



.b d) ~ \ A/ \u V , 



(2.10) 



with 

|2^1/2 



e-'I'b e-'fd 



(2.11) 



(|&|2 + |d|2)l/2' (|?,|2 + |^|2)l/2- 

and e^"^ an arbitrary phase. As an aside, let us note that the decomposition (2.8) yields the isomorphism 
of cosets 

SL(2,C)/K~SU(2)/U(1) -S^. (2.12) 

Moreover, since h = k^ g is unitary, {h^ ) = h, it is useful to notice that 

k-^g = k\g-^)\ (2.13) 

To define the SL(2, C) action on 'Hk,v 1st us write for any h G SU(2) and g G SL(2, C) 

hg = kg{h)hg{h) (2.14) 

using the decomposition (2.8) for hg, with kg{h) G K and hg{h) G SU(2). Then, the action of g on 
F G Tik^y reads"^ 

g.F[h] = [Ag{h)]-'^'''-\-^rf^''-'F[hg{h)] (2.15) 



Thanks to the covariance condition (2.5), the phase ambiguity in the decomposition (2.8) is irrelevant. 

^g{h) is real. In this case A^( 



Therefore, we choose ^ = so that ?^g{h) is real. In this case ?^{h) is nothing but the upper left corner 
of the matrix {kg{h)~'^yk~'^{h) = Hg-'^^g-^h^, so that 



^s{h)=[{ll\h{g-^yg-^h'\ll) 
with \j,Tn) the standard basis of the spin j representation of SU{2). 



(2.16) 



k and V are multiplied by 2 with respect to convention of [14], for notational convenience 
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3 Lorentzian EPRL Spinfoam Model and Path integral Representation 

We start with a simplicial complex /C whose dual skeleton is a 2-complex C made of vertices V, edges E 
and faces F. The 2-complex may have a boundary dC which is a graph T whose vertices N and edges L we 
call nodes and links. Edges and vertices of C not in dC are call internal. The incidence matrices between 
faces and edges e^ g and between edges and vertices Q^j, are defined to be ±1 depending on whether the 
corresponding lower dimensional cell of C (e or v) is on the boundary of the higher dimensional one (/ or 
e) with an orientation that agrees (+1) or disagrees ( — 1). If the there is no incidence relation between 
the cells, the matrix element of e vanishes. 

Following the definition in [12], we associate hf^i, E SU(2) to the strands (edges that are split in 
as many faces they meet) and g^^y G SL(2, C) to the half edges. Each face is associated with a spin 
if i^ 0. Then the Lorentzian EPRL spinfoam amplitude [4] of the simplicial complex /C reads (we assume 
momentarily that dlC = 0, but the general case can be treated, see [12]), 



A(/C) 



SL(2,C 



/ {if*o 



}f 



SU(2) 



n d^AoTr^;,.;, [ n iSeMe) ^LegJ^e))''"'] U dj^^^H 



eGdf 



eGdf 



eGdf 



v,^ 



(3.1) 



face amplitude Ar 



with s(e) and t{e) the source and the target of e. The arrows on the products means that they have to be 
ordered following the orientation of the face, d; = 2j -\-l is the dimension of SU(2) spin-y representation. 
The spinfoam model A(1C) written above is invariant under flipping of the edge and face orientations 
[16]. 

Let us focus on a single face and drop the face index / temporarily to alleviate the notations. For 
any vertex v, let e'{v) and e"{v) be the edge that enters (resp. leaves) v following the orientation of the 
the face. Since these edges depend on the face, one should denote them by e'Jv) and e'Uv). Then, the 
contribution of the face / to the amplitude reads (to prove this result, simply distinguish the four cases 
depending on the orientations of the edges incident to v in /), 



(3.2) 






We have also used the reality of the SU(2) characters Tr-^,[/2] = Tr-^,[/z] to introduce complex conjugates 
in the second factor and to change h^^ into h^ whenever the orientation of / and e disagree. 

Because any he appears only twice, the integration over he can be performed using Schur's orthogo- 
nality relation (2.4), 

Af = J^djTTn,,j [ n Pi8;'{vuSe"iv),vPi]' (3-3) 

with Pj the orthogonal projector onto the spin j representation Ti; of SU{2) contained in 'Hj^^j. 
Using the canonical basis (2.6) of ^;7(/+i). the projector can be expressed as 



—j<m<j 



(3.4) 
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Then, at each vertex v on the boundary of / we have a scalar product 
Accordingly, the basic building blocks of the amplitude are the scalar products 



(3.5) 



(3.6) 



Using the unitarity of the representation, this is nothing but the L (517(2)) scalar product of g\i,m)'^.^ 
with g'\j,m')-}{. ., so that it may be expressed in terms of Wigner matrices as follows. 



^Ji,m\g-'g'\i,m')n.^^^ = dj j^^^^dh [A,(/.)]-2^^/-2[A,,(/^)]^^^^-^D[J;.,(;.)]D[^,[V(;^)]. (3.7) 



Because of the unitarity of the Wigner matrices, this also reads 

dj f dh [A,(/2)]-2i^^--2[A,,(/i)]2i7/-2(;-m|/,J(/,)|;,;)0-;|V(?2)|;-n7'), 



(3.8) 



with all matrix elements taken in the spin j representation of SU(2). 

Turning back to the face amplitude, we get rid of the summation over magnetic numbers using the 
resolution of the identity, so that the face amplitude reads 



^f = L^i I n dh. n {[A,.,,.(^.)]-^^^^'-^[A,,,.(/..)]^'-^--^} 



J ---^i^) vGdf eGdf 

xTr^, 



vGdf 



(3.9) 
(3.10) 



To express the face amplitude in terms of coherent states, we have to compute the matrix element 



{j,i\hgih')hl{h)\j,j) = {ll\hg,{h')hl{h)\ll)^i 
Since hg(h) is defined by the decomposition hg = kg(h)hg(h), we have 



as well as the conjugate 



Because 



1 1 



hg{h) = k^\h)hg = kl{h)h{g-y 



hl{h)=g'h\kgy{h) = {g-')h\{h). 



kgW 



'Xg\h) ^gih)' 

. \g{h)^ 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



,2) is an eigenvector of kg{h) with eigenvalue A„ (/j). Thus the matrix element reads 
(l,l|V(/^')\;Wl^.i)=A,n^)A,7(/i')(^.il^'((/-')V'^'l2.2) 



Thus, the face amplitude reads 



(3.15) 



ge'vK\hi){hi\Mge",v 



1 ^+ 



U/Kv,.(^.)]^^'(^^+^)+'[A,,,„(/^.)]2^-(-^^+i 



)+2 



(3.16) 
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Using (2.16), we express the face amplitude in terms of the coherent state |zi,) = ^zJl^/ j)- 

{Tr[ n g;'l\zv){z,\ig;,},y]}' 

^ L vedf ' J J 



^f = Ldj LYl^^^ 



vedf 



(3.17) 



with the trace taken in the fundamental representation. Let us note that the coherent states always 
appear in pairs |zi;)(Zi,| so that the phase ambiguity is irrelevant and we restrict the integration form 
SU(2) to S^ = CP^ = (C'^ \ {0})/C*. dz = 2 (zodzi — Zidzo) A {zodzi — Zidzo) is a homogeneous measure 
of degree 4 on C^. The integration is essentially on CP since the integrand is a homogeneous function 
of Zyf of degree —4. 

Now we put back the label / to the variables ] i— ?► if,Zv •— >• Zj,f and write g^^v = {Sve) ■ "^^^ SL(2,C) 
Haar measure dge,v = ^gve^ ■ We define a new spinor variable Zj,^/ and a degree measure by 

dz,; 



Z.jpf := 2„^z,,f and Cl,,f : 



^vef ■— Sve^-of 



-of 



'-vf 



\^vefi ^'oef ) \^ve' f I ^ve' f I 
Then the EPRL spinfoam amplitude A(/C) can be written as 



(3.19) 



A(/C) 






\^vefi ^v'ef 



s^'f 



./) {'Z'v'ef,'Z'-oief) ^ ■' {ZjjepZ-aef) ^ ^ 



(3.20) 



where one may view that v = s(e) is the source and v' = t[e) is the target. The integrand can be written 
into an exponential form e^ with an action S written as 

s\jf,gvc,z^f] = J2if^^ 



\^vefi ^v'ef I 



(<?//) \Zv'ef I Z-o'ef) x^vefi^vef) 



{e,f) 



In 



\^vef' ^v 



'efi 



+ f 7 In 



\^vefi ^vef / 



\^v' ef I ^v' ef ) \^vefi ^vef ) \^v' ef i ^v' ef / 

The spinfoam action S has the following continuous gauge degree of freedom: 



(3.21) 



Rescaling of each Zj,f 



3. 



z-jjf 1-^ ^Zjjf, A G C. 



SL(2, C) gauge transformation at each vertex v. 

gve ^ X~'^gj,e, Zyf ^ xlz^f, Xy G SL(2,C). 
SU(2) gauge transformation on each edge e: 

gve ^ gveK^r K G SU(2). 



The SL(2, C) Haar measure d^ can be written explicitly by 

_ d/3d^*d7d7*dM^* 



l^|2 



7 S 



(3.22) 



(3.23) 



(3.24) 



(3.18) 



which, is manifestly invariant under ^ >— > ^ ■ 
The measure dZyt is scaling invariant. 
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The spinfoam action S has the following discrete gauge symmetry: 

• Flipping the sign of the group variable gyc i— ?■ —gve- Thus the space of group variable is essentially 
the restricted Lorentz group SO^(l,3) rather than its double-cover SL(2, C). 

The above derivation toward the spinfoam action S gives a new path integral representation of the 
Lorentzian EPRL spinfoam model on a general simplicial complex (or even on an arbitrary cellular 
decomposition of the spacetime manifold with the generalization [5, 17]) instead of the one presented in 
[7, 10]. The spinfoam action derived here has obvious advantage that it depends on less variables (only 
if,gve,z^f) than the one (depending on if,gve,Zvf,^ef) in [7, 10]. 

For the convenience of the discussion, we define the notion of the partial amplitude A; (AT) by 
collecting all the integrations 

Aj^ (/C) := I dg^e J dQ,^eS[;,,g„,z„^] (3 25) 

So that the spinfoam state-sum is given by a sum of partial amplitude 

A{}C)=J2djfAj^{IC). (3.26) 

// 

4 Large Spin Asymptotics 

In this paper, we consider the asymptotic behavior of the partial amplitude A, (AT) in the regime 
where all the spins are uniformly large. This asymptotic behavior can be studied by making a uniformly 
rescaling jf 1— ?■ Ajf and assuming A ^ 1. The asymptotic analysis may be viewed as the first step 
toward developing a perturbation theory of spinfoam model with respect to an arbitrary background 
configuration (/p^^g/Z^Jr), where the background spins j? are uniformly large. The asymptotic analysis 
should show us which background configuration are preferred with relatively small fluctuations counted 
by 1/A. 

As a notation we write; 

;■/ = %' gvc = gve, zlf = Zyf (4.1) 

where A is a large parameter and jf ~ o(l). We sometimes refer A as the background spin in the following 
context, and we often refer {jf,g^,g,Zyf) as the background configuration. 

Because of the path integral representation of the spinfoam model, the asymptotic analysis of the 
partial amplitude Aj^jAIC) as A large is guided by the following general result (Theorem 7.7.5 and 7.7.1 
in [18]): 

Theorem 4.1. (A) Let K be a compact subset in R", X an open neighborhood of K, and k a 
positive integer. If (1) the complex functions 11 G Cq^{K), S G C^'^^^{X) and K(S) < in X; (2) 
there is a unique point Xq E K satisfying !R(S)(xo) = 0, S'{xq) = 0, and detS"(xo) 9^ 0. S' i^ in 
K\{xq}, then we have the following estimation: 



/ M(x)e^sWdx - /s(^«) 4- ; E T Uu{xq) < C 4 E sup iD'^wl (4.2) 
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Here the constant C is bounded when f stays in a bounded set in C ^ (X). We have used the 
standard multi-index notation a. = {a.i, ■ ■ ■ ,oc„) and 

LsM(xo) denotes the following operation on u: 

ir 



Lsu{xo) =i ' Yl E 



—m=s 2l>3m 



„£,^«"^'^"°)a^:a^ 



?";") (^o) (4.4) 



where H{x) = S"{x) denotes the Hessian matrix and the function gxoi^) ^^ given by 



1 

r 



ix,yx, = S{x) - S{xo) - ^H"\xo){x - xo)a{x - Xo)b (4.5) 



such that gxoixo) = g'xoi^o) = g'xoixo) = 0. 

(B) Let K be a compact subset in R", X an open neighborhood of K, u G Cq (K) a compact 
support complex function, assuming ^{S){x) < in X but the equations 3?(S)(x) = 0, S'{x) = 
has no solutions in K, then there exists a constant C such that 



K 



< 



- C > sup ^ ' , ,,, (4.6) 



for all k EZ^ 



In Eq.(4.4), the expression of LsM(xo) only sums a finite number of terms for all s. For each s, Lg is 
a differential operator of order 2s acting on u(x). 

We apply the above general result to the path integral representation of A\j (IC) restricting into a 
compact neighborhood of the background [jf,gye,Zyf). The full integral of AxjAlC) may be understood 
as an (infinite) sum of the integrals over compact neighborhoods. On each of the compact neighborhood, 
if there is a critical point, we can employ Theorem 4.1(A) to determine the asymptotic expansion of the 
partial amplitude A^j AlC). In case there is no critical point in the neighborhood, the partial amplitude 
decays faster than (1/A)'' for all /c G Z+, provided that sup |D''m|[|S'P + K(S)]"''+I''I/^ is finite (i.e. 
doesn't cancel the (1/A) behavior in front). 

It is clear that the action S[jf,g-oe,Zyf] of the path integral representation of the partial amplitude 
AxjAIC) depends on spin parameters jf, which are not integrated in A^j JIC). We will see in the following 
that some values of jf's doesn't result in solution of the critical equations S' = and K(S) = 0, which 
has interpretation of nondegenerate geometry. Here we call these values of jf Non-Regge-like, otherwise 
we call them Regge-like. A Regge-like spin configuration jr admits the critical configuration {if,gve,'Z-vf) 
which can be interpreted as nondegenerate geometry. We consider a neighborhood Q^ of a critical con- 
figuration {jf,gyc,Zyf) with nondegenerate geometrical interpretation. Assuming this neighborhood O 



O is a compact neighborhood in the space of spinfoam configurations Mjg^ = K^ X SL(2, C) <''■"' X (CP ) "'> modulo 
gauge transformations. It can be viewed as that we choose the test function u[x) in Theorem 4.1 to be compact support on 
a neighborhood K C SL (2, C )*'"■■' x (CP^ )*"■/, then Cl = [0, A]*/ X K where A is the cut-off of the spins. 
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doesn't tough any critical configuration of degenerate geometry^, the Non-Regge-like spin configurations 
in n doesn't result in any critical point. For these Non-Regge-like spins, however, it is not necessary 
that the corresponding A;^: (JC), when the integral is restricted in Q, decays faster than (1/A) for all 
k G Z+. As an example, for a non-Regge-like jr infinitesimally close to a Regge-like jf (the minimal gap 
Ajf = 2x). sup|D''w|[|S'|^ + K(S)]"'^+l''l/2 is likely to be large and cancel the (l/A)*^ behavior. There- 
fore if we consider the semiclassical behavior of the state-sum A{IC) = J^j ji[jf)Aj JIC) in the large spin 
regime, we should in general not ignore these "almost Regge-like" contributions. Here in this paper we 
consider mainly the asymptotic behavior of AxjAlC) with Regge-like jr, when we discuss the nondegener- 
ate geometrical interpretation. A perturbative analysis of the semiclassical spinfoam state-sum including 
all possible je's is presented in a companion paper [13]. 

5 Critical Equations 

In this section we derive the critical equations S' = and 3?(S) = 0. First of all, in order to apply 
Theorem 4.1(A) to the spinfoam action S, we must show that the spinfoam action S satisfies K(S) < 0. 
It can be proven by using Cauchy-Schwarz inequality | {Xi'^) P ^ {X/X) {^r^')'- 

^(s)=Ei" /. '^^^^^.y^'' v <o (5.1) 

The critical equation K(S) = is equivalent to the condition that Z-ogf,Z-i,i^f are proportional to each 
other with complex coefficient, i.e. 

117 II =^ """^ M- (5.2) 

There are two types of equation of motion, i.e. Sz^,.-S = and ^g„,S = 0. First of all we compute the 
variation of S with respect to the CP -spinor z^/. Given a spinor z'^ = (zq, Zl)^ z* and (/z)** = (— Zi,Zo)* 
is a basis of the space C of 2-component spinors, and {z, }z) = with respect to the Hermitian inner 
product. The variation of Z-gf can be written in general by 

SZi,f = CyfJZjjf + CV^fZ-of (5.3) 

where £,co are complex number. Because of the gauge transformation Z-^r i— t- AZj,^, A G C, we can choose a 
partial gauge fixing that (^Zj,f,ZyA = 1, which gives (^SZj;f,ZyA = — (^z^f,SZj,A. Thus we obtain C0j^,f = irj-gf 
with a real number rjjjf. Then we have {v = s(e) = t{e')) 



^vf (}Zvf,gveZt(^e)ef) ^vf \8ve''Z-s{e')e'f,}Zvf 

K,fS = ^if — 7 ^ \- ^if 



'^vef, ^t(e)ef ) \ ^s(e')e'f' ^ve' 



vej,^t(e)ejj \^s{e')e'f'^-oe'f 
+ (^7 - 1)7/ /y y \ + ('7 - 1)^/^7^ 7 \ 

{ Zve'f, Z-ue'f } { Zve'f, Zy^'f } 



The degeneracy is a special restriction Eq.(7.1) of the group variables gj;g into a lower- dimensional submanifold. Thus 
such a neighborhood always exists. See the discussion about the geometrical interpretation of critical configurations for 
details. 
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which can be simphfied by using Eq.(5.2) 






-('7 + 1);/ fy y r^- ('7 -1)7/ ^7^ y \ • (5.5) 



Then ^z-^rS imphes that 



{}^vf,gveZi,cf) _ {}Zyf,gue'Zjj^ff) 



(5.6) 



Because Zyt and JZj^f is a basis of the space C^ of 2-coniponent spinors, and {z^f,gyeZ^i,f)\\Zjjgf\\ ^ 
{Zjjf,gj,giZyg/f)\\Z^gif\\^'^ is a trivial identity, we obtain the equation of motion 



gvegve^vf _ gve'g^e'^vf 



We compute the equation of motion corresponding to the variation with respect to the group variables 
g-og. Let's assume that v = s{e), the case v = t(e) follows similarly. Consider the following variation of 
the group variables; 

gve -^ gve - ^gve with 3g„f, = gve^e, (5.8) 

where A-oe G SI2C is a traceless 2x2 complex matrix. Then we compute the following variations: 

^(^ I \ t \\ {gm^vf\^ve^Al\^gl^Z-oj) 

^ In (gve'^vj,gve^vj)] = 7^1 ^^ — (5.9) 



and 



5 \}n{^g,,,z,,f,g,,z,f^j = / t z„ atz f) ^ /.t z , at z ,\ 

.A^/^t^ „t ^ \\ {gl^vf\Ke\gl'e^v'f) _ {gleZvf\Al\glz^f) 

<> \^\gve^vf,gv'e^v'f)) ^Tf + T ^^f ; T C5.10) 



once we have used Eq.(5.2) to replace glii,Zyif in terms of g^^Zyf 
We introduce the incidence matrix £ef{v) such that 



£ef(v) = < 



if 57 ^ 9/ 

1 if z? = t{e) with e e df (5.11) 
—1 if z? = s(e) with e G 9/ 

CgAv) satisfies the following relations: 

tef{v) = -Se'fiv) and e.fiv) = -£ef{v'). (5.12) 

Then, the variation of the action reads 



^gveS = - l^lf^efi^) 7^ ^^ — (5.13) 
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Since Aye = Y^\^\ dve^'j where Olg are complex parameters and (7 are Pauli matrices. Then the action S is 
stationary with respect to the variation of g^g if and only if 

LJf^ef{v)^4f^p^=0. (5.14) 

Finally note that if we consider v = t{e) instead of c = s(e), we obtain the same equation thanks to 
Eq.(5.2). 

Given a normalized 2-spinor z (recall our partial gauge fixing condition {z,z) = 1), it determines 
a null vector l{z) = -js{^,nz) via zz = — j^ where n^ G S is a unit 3-vector. The SL(2, C) action 
gzz^g^,g G SL(2, C) gives the Lorentz transformation of the null vector l{z). If we make the following 
normalzation 

g{nz) gives the action of SL(2, C) on 2-sphere. Therefore the equation of motion Eq.(5.14) implies 



gle\Yj^ef{v)ifnvf\=^ i-e. Yj^ef{v)ifnvf 



(5.16) 



where n-gf = ^Zj,,- We call this relation the closure condition. The closure condition determines uniquely 
a convex geometrical tetrahedron whose face triangles / have the oriented areas j/nvf, up to a SO(3) 
rotation and a uniformly rescaling [19, 20]. 

6 Bivector Interpretation of Critical Configurations 

We summarize the critical equations obtained in the last section; 

^K[b)={). Tj- ^=evv'— -, (6.1) 

I \ 'oef\ I I l^v'efl I 

It turns out that the solutions of the critical equations have interesting geometrical interpretation. In 
order to explain the geometrical interpretation of the solutions, it is useful to introduce a set of new 
variables and their relations, which mediates the spinfoam variables and the variables describing geometry. 
First of all, Eq.(6.1) motivates us to define an auxiliary normalized spinor l^gt by 



bef — ^ ||7 II ~ ||7 II' Teu' Yev — %yi ^^-'^J 

I \^vef\ I I \^v'ef\ I 

It is clear that the auxiliary spinor r,gf is defined up to a U(l) gauge transformation l,gf i— ?► e' '-^ef oi' 
(ply I— ?> (p{y — dg(, which leaves cc^^^, thus Eq.(6.1) invariant. From this definition, we have for each vertex 
V connecting 2 edges e,e' C 9/ 



^iy^^f = T^^''-'{siy\e'f (6.5) 



7 I 
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where ^gj,g/ = (pl-^, — <f/,^ is invariant under the U(l) gauge transformation of the auxiliary spinor ^^f. By 
the anti-linear operator / defined by /(zo,Zi)' = (— Zi,Zo)*, we have the relation }g}^^ = {g^)^^ for any 
g G SL(2, C). Then the above equation is equivalent to 

gveO^ef) = fe4e-'^-'^,,, iK,f) (6.6) 

1 1 'oef 1 1 

This equation is equivalent to Eq.(6.1) i.e. 3?(S) = 0. 

By the auxiliary spinor ^gf, Eq.(6.2) i.e. Sz^,rS = 0, is equivalent to 

■|z 

■^ve'f 
Finally the closure condition Eq.(6.3) is equivalent to 



gve^cf = \g^/'^'-^'^'gve'^e'f- (6.7) 



Y2^ef{v)if{^ef o- Q> = J^e,f{v)ifn,f = (6.8) 

/ / 

where n^f = n^ and 

% = i^T + ec'n - i{^V - CK°)y + (C^r - eC')^ (6.9) 

is a unit 3- vector since [^f,f is a normalized spinor. 

Introducing the auxiliary spinor ^gf results in a set of equations Eqs.(6.6), (6.7), and (6.8) which is 
equivalent to the set of critical equations Eqs.(6.1), (6.2), and (6.3). Thus a solution {jf,g-oe,^vf) of the 
critical equations is 1-to-l corresponding to a solution {jf,g-oc,Zj,f,[,gf) of Eqs.(6.6), (6.7), and (6.8), with 
[,i,f determined by Eq.(6.4) up to a phase. However Eqs.(6.6), (6.7), and (6.8) are identical to the critical 
equations derived in [7, 10] from a different spinfoam action. 

As it was discussed previously, given a normalized 2-spinor [,, it naturally constructs a null vector 
l{Q via ^^^ = -j=l{[,)^0'i where ctj = (l,t7). It is straight-forward to check that 

a'=^-{l + a- n^) with n^ = (^"^ + C'C°)x - /(^^^ " ^'C°)y + (^°C° " CC)^ (6.10) 
n^ is a unit 3-vector since ^ is a normalized spinor. Thus we obtain that 

Similarly for the spinor /^, we define the null vector {}^)(}^y = —j=i{}^)^0'j and obtain that 

'(/0 = ^(l.-^d (6.12) 

It is clear that l[1,),l[]1,) is independent of the U(l) gauge freedom of ^. We can write Eqs.(6.6) and (6.7) 
in their vector representation 

gve > K/Ce/) = ,, "'^1,2 g^e' ^ '(/Ce'f) ^^^ ^ve > l{^ef) = ,, "'^ .a ^ve' > K^e'/) (6-13) 

II '^'^/ll W '"^'fW 



where g> l{^) is obtained via g > ^^ = g^^ g 
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It is obvious that if we construct a bivector^ 



Xlj = -2jjf[i{^,f)Ai{K,f)f 



(6.14) 



Xgf satisfies the parallel transportation condition within a 4-simplex 



(6.15) 



rlj 



We define the bivector XJ located at each vertex v of the dual face / by the parallel transportation 



V 



X'/{V) := {g-oeyK{g-oe)\xf}-. 



(6.16) 



which is independent of the choice of e by the above parallel transportation condition. Then we also 
have the parallel transportation relation of Xj (v) 



7 



X]\v) 



)'K{gv-o')\Xf{v'). 



(6.17) 



where g^^, = gvegev' with gev = g, 



-1 



^ 



On the other hand, we can write the bivector X {■ as a matrix: 

ef 



X 






^lif 



( ^\f n]f fil^\ 
-n]f 
-n]f 



V-"^/ 



-3 






^-x'\x% 

2 <^f ^J 



277/ 



(6.18) 



However the matrix {Xi;f)^j = XJ,friKj read (fjij = diag( — 1, 1, 1, 1)) 



Xef^{Xefyj = 2jjf 



( Kf Kf "'/^ 

hlf <d 



\^lf 








l^if-h.f ■ K 



(6.19) 



/ 



where K denotes the boost generator of Lorentz Lie algebra 5I2C in the bivector representation. The 
rotation generator in SI2C is denoted by /. The generators in SI2C satisfies the commutation relations 
[}',}'] = -£'!'' }K [}',Ki] = -e'J^K^, [K\KJ] = e'i^]^. The relation X,f = Ijjffi.f ■ K gives a representation 
of the bivector in terms of the SI2C lie algebra generators. Moreover it is not difficult to verify that in 
the spin- 2 representation J = ^a and K = 2^. Thus in the spin or representation 



X, 



■f = 7]f^ ■ nef 



(6.20) 



For this SI2C Lie algebra representation of the bivector X^r, the parallel transportation is represented by 
the adjoint action of the Lie group on its Lie algebra. Therefore we have 



gveXefgev = gve'Xe'fge'v, Xf{v) := gveXefgev, Xf{v) := gvv'Xf{v')g^:„ 
"the pre-factor is a convention for simplifying the notation in the following discussion. 



(6.21) 
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— 1 —1 

where g^c = gev 'S^'v — Sw'- ^^ note that the above equations are vahd for all the representations of 
SI2C. 

There is a duality map acting on 5I2C by */ = —K, *K = } with *^ = —1. For self-dual/anti-self-dual 
bivector T± := ^(/iz^), One can verify that *T± = ±iT±. In the bivector representation, the duality 
map is represented by *X^^ = jS^^^^X^^. In the spinor representation, the duality map is represented by 
*X = iX since ] = la and X = -t? in the spinor representation. From Eq.(6.19), we see that 



X, 



£/ 



* i^lifnef ■ J) 



(6.22) 



From its bivector representation one can see that 

f]iju'*xlf = 0, M^ = (1,0,0,0). 
It motivates us to define a unit vector at each vertex v for each tetrahedron t^ by 



(6.23) 



(6.24) 



Then for all triangles / in the tetrahedron te, Ng{v) is orthogonal to all the bivectors *Xf{v) with / 
belonging to t,,. 



yjijNl{v)*xf{v)=Q. 
In addition, from the closure constraint Eq.(5.14), we obtain for each tetrahedron te 

E ^ef{v)Xf{v) = 0. 



(6.25) 



(6.26) 



So far the bivectors X^r and Xf{v) are expressed in terms of jr, gyg and the auxiliary spinor (,gf. 
However they can be expressed in terms of jf, g-oe and z^f by Eq.(6.4). Firstly by definition 

gle^vfZlfgve _ 1 + gle{n^f) " ^ 



{Kef){Kefy 



'^ 'gle^vf^gle^vf) 2 

(/z^/)(/z^/)^(^-/)+ _ l-g^}{nvf) ■ a 



Sve 



(6.27) 



{gle^vf,gleZvf) 2 

where hyf G S is given by hyf = {Zj,f a Zyf), and gvein^f) is the representation of SL(2, C) on 2-sphere, 
which shouldn't be confused with the vector representation of Lorentz group. Comparing the above 
equation with Eq.(6.10), we have the relation 



llein^f) = nef. 



Thus the bivector X„f an be written as 



^f 



IJ 



Xl\ = 2jjf [u A n,f] ' = 2jjf [u A gl{n,f)\ , u = (1, 0, 0, 0)' 
On the other hand, if we write X^r = 2jjf [i(/^£.f ) A ^(^e/)] or we can denote 



(6.28) 



(6.29) 



Xef = 27;/ \iKef){Kef)' A CefCf] = ^ijf 



-/(/z,;)(/z„^)^(^-/)+A-^^ 

{gleZvf, 



^-of^vfgve 



gve^vf / 



(6.30) 



- 15 - 



Then Xf{v) = g^c > ^ef is given by 



(7z^/)(7z^/)+A 



S'veSve^vfZjjfS'oeSve 



(6.31) 



which is clearly independent of the choice of e and e' connecting to v by the equation of motion Eq.(6.2). 
To summarize, the above analysis shows the following result; Given the data {if,gev,'Z-vf) tie a 
spinfoam critical configuration that solves the critical equations Eqs.(6.1), (6.2), and (6.3), the data 
determine uniquely a set of bivector variables (in the SI2C Lie algebra representation) X^Av) with 
|X£.^(o)| = A/jtr {Xcf{v)Xf,f{v)) = 2'yif, which satisfies 

Xef{v) = Xe'fiv) = Xf{v), Xf{v) := gvv'^fi^')gv'v, 



VijNUv) *xf (z;) = 0, 



X: eef{v)Xf{v) = 0. 
fct. 



(6.32) 



where e and e' are two edges connecting to v, f is the dual face determined by v,e,e' , and N^{v) = {gve) jU' 
with u^ = (1,0,0,0) is a unit vector. Such a result obtained in the above analysis coincides precisely 
with the bivector interpretation of critical configuration obtained in [10] (Proposition 2.1). Therefore 
the geometrical interpretation of the critical configuration {jf,gev,'Z'vf) can be analyzed in the same way 
as it was done in [10]. 

7 Nondegenerate Lorentzian Geometrical Interpretation 

Given a spinfoam critical configuration {jf,gev,^vf) that solves the critical equations, let's consider a 
triangle / shared by two tetrahedra t^ and t^i of a 4-simplex a^. There are the simplicity conditions 
Nj{v) *Xl{v) = and Nj' (v) *Xjr{v) = from the viewpoint of the two tetrahedra fg and t^r. Recall 
that Ne{v) = g-ue > (1,0,0,0)'. The two simplicity conditions imply that there exists two 4- vectors 
Mj,r{v) and M^Av) such that Xt,f{v) = Ne{v) MA(.f{v) and Xg,f{v) = Nei{v) AMe'f{v). However we 
have the gluing condition Xgf(c) = X^tAv) = XAv), which implies that Ner{v) belongs to the plane 
spanned by lAe{v),M^f{v), i.e. lAgi{v) = UgrMgAv) -\-bi,fNe{v). In this section we assume the following 
nondegeneracy condition involving purely the group variables [9, 10]: For all the choices of four different 
edges ei, 62, 63, 64 = 1, • ■ ■ ,5 

det(Ne,{v),Ne,{v),N,,{v),Ne,{v)'^*0, yv (7.1) 

then Ne{v), N^' (v) cannot be parallel to each other, for all pairs of e, e' , which excludes the case of vanishing 
Ugf in the above. Denoting oCg^i = a^r , we obtain that MgAv) = 0Cg^iNg'{v) — a.ggibgfNe{v). Therefore 



Xf{v) = X,,,{v) = a,,,{v) [Ne{v) A N^'iv)] 



(7.2) 



for all / shared by tg and t^i. If we label the 5 tetrahedra of a^j by tc^, / = 1, • • • ,5. Then Eq.(7.2) can be 
written as X^.^ (v) = ccij{v) Ne,{v) ANe{v) . Then the closure condition J^j^i^ae {'v)Xe.i,.{v) = 0^ gives 
that V / = 1, • • • , 5 



4 4 

= E^^;'^i(^)*'7(^) ^<^i(^) ^ ^<=!(^) = ^<^i(^) A Ee,,.e/t7)a/y(t7)Ne^.(t7) 
7=1 ;=i 



(7.3) 



^Here £e,e,(y) = -£f,t,,(i;) and Xccjiv) = Xf>.e,(w). 
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which imphes that for a choice of diagonal element fiii{v), 






(7.4) 



where we denote ^ij{v) := eeje{'v)oLij{v). Here ^uiv) must be chosen as nonzero, because if ^ii{v) = 0, 
Eq.(7.4) would reduce to J^j^j f!iij(v)Ne.{v) = 0, which gives all the coefficients ^ij{v) = by linearly 
independence of any four Nc{v) (from the nondegeneracy Eq.(7.1)). 

Lemma 7.1. Assuming the nondegeneray condition Eq.(7.1), Eq.(7.^) implies a factorization 



where g{v) = ±1. Thus we have the following expression of the bivector Cde {v)Xefe{v) 

£,,,.(i;)X,,,^(i;) = ~eiv)(^^iiv)Ne,{v)) A (/3y(z;)N,/z;) 
Eq.(7.4) then takes the form 

f^i{v) satisfies the following relation with jr and g^e 

Proof : Such a result was firstly shown in [9]. Let's construct the following relation: 



(7.5) 



(7.6) 



(7.7) 



(7.8) 



5 5 |- -, 

= /3^,„(t;) X]/3/;(t;)N,.(t;) - ^M{v)Y2^kj{v)Ne^{v) = E [^km{v)^ijiv) - ^M{v)^kjiv)\Ne^{v) (7.9) 

j=l /=1 ;>m 

Since we assume the nondegeneray condition Eq.(7.1), any four of the five Ne(t7) are linearly independent. 
Thus 



likm{v)^lj{v) = ^lt„{v)l5kj{v) 



(7.10) 



Let us pick one Jq for each 4-simplex, and choose I = j = Jq. We obtain the following because ^jj{v) is 
nonzero 



Therefore we have the factorization of ^ii{v) 






^,j{v) = g{v)fii{v)fij{v) 



(7.11) 



(7.12) 



where fij{v) = ^jj^{v) I \/|j6/o/o(^)| ^^'^ G(^) = sgn(jSygyg(z7)) which is a constant sign within a 4-simplex 
ay. So far it seems that the value of ^j{v) and c,{v) depends on the choice of the dual edge e.-^ connecting 
to V. However we show in the following analysis that such a dependence doesn't affect the geometrical 
interpretation. 
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Now we construct 5 vectors Ue^{v) at each vertex v^ up to a sign ±j, globally for all the 5 Ue{v) at v: 

Uf{v) := ^ /'(^yi'(^) ^ith V^{v) := det (ji2{v)N''{v),li3{v)N'''{v),fi4{v)m{v),fi5{v)N''{vf7-13) 
y/\V4{v)\ V / 

Any four of the five llci{v) span a 4-dimensional vector space by the assumption of nondegeneracy. 
Although Ne{v) is always future-pointing since Ne{v) = ^i;e(l,0, 0, 0)* where g^^ £ SL(2,C), the vectors 
Ue{'v) is future-pointing if ±-of!ie{'v) > 0, and is past-pointing if ±-of!ie{v) < 0. Moreover lle{v)'s satisfy 

yUe(v)=0 and -^^ = det (u'^{v),WHv),U'Hv), U'Hv)) (7.14) 

where the 4-simplex closure condition implies that there is at least one future-pointing Ui,{v) and one 
past-pointing Ue{v) at each v. Now the bivectors can be expressed as 



ee,ej{v)X;j' (v) = g{v)\Vi{v)\ \Ue,{v) A LJ.^(t^)J^ = eiv)Vi{v) \Ue,{v) A Ue.{v) 



(7.15) 



where e[v) = t;(i?)sgn(V4(z?)). The oriented 4-volume V4{v) in general can be either positive or negative 
for different 4-simplices. 

We construct the inverse Ecie{v) i,j = 1,- ■ ■ ,5 as a. collection of space-like 4- vectors, such that 

Ufiv)El.,^{v) =Si-3[ and E^^.iv) = -^Ji') (7.16) 

One can also verify immediately the following "triangle closure condition" 

£.V,(^) + E4.» + Keji^) = (7.17) 

Inside a 4-simplex cTz, dual to v, a set of 10 vectors E^.g^v) i,j = 1, • ■ • ,5 satisfies the above triangle 
closure condition for each triple {j,k,l) has a geometrical interpretation as a set of edge- vectors of the 
4-simplex. An edge i can be denoted by its end-points, say pi,p2, i.e. £ = [firPi]- There are 5 vertices 
Pi,i = 1, • • • ,5 for a 4-simplex dy. Then each p, is one-to-one corresponding to a tetrahedron ig^ of the 
4-simplex a^j. Therefore we can denote the oriented edge i = [pi,p2] also by £ = (61,62). once a 4-simplex 
(7j, is specified. Thus we denote by Ei^v) = Ee^e^{v) the edge-vector associated with the edge £ = (61,62)- 
The norm of the edge-vector E^{v) is the edge-length s^ := |££(z?)|. Thus we have shown that for each 
individual 4-simplex, there exists a set of edge-vector E^{v) with the edge-lengths s^ constructed from 
the spinfoam critical configuration {jf,gve>Zyf). 

In the context of simplical geometry [23], the collection of ten Eggi(v)'s is called a discrete cotetrad 
at the vertex v. We have shown that given a spinfoam critical configuration {if,gve,'Z-of)> there exists a 
discrete cotetrad Eggi{v) at each vertex v, such that the bivector Xgg/(t7) can now be expressed by Ei,gi{v) 



^IJ 



ee^e5{v)Xele^{v) = e{v) * Egjej (t?) A E^^esiv) 



u 



(7.18) 



^We denote the dual vector NJ by N'' and the vector Nj, by N,,, and the same convention holds for Lfg and (i'° 
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which will also be denoted by Xf{v) = £{v) * E(^(v) A E(^{v) by assuming the orientations of £i,i2 is 
compatible with the orientation of /, so that the sign Cgf,i{v) doesn't appear. If we take the norm of the 
bivector, we obtain 

(l^jf)'^ = sjsj,sm^^li', where cos^e/' = Ee{v) ■ E£r{v)/ (sfSfr) (7.19) 

By the above relation, we interpret ^jt of the critical data {if,gve,'Z'vf) 3-S a triangle area related to the 2 
edge-lengths s^, s^' and the angle O^^^/ between i,i' . 

So far we have shown the existence of a cotetrad E({v) characterizing the 4-simplex geometry from 
the spinfoam critical data [jf,gve,^vf)- ^'^ order to show the uniqueness of E^{v), we construct the 3-d 
angles Yf f/(c) G [0, tt] uniquely from the bivectors: 

[e,f{v)*Xf{v)f[e,f{v)*Xf,{v)] 
cos^ f,f,{v) := ^^^^^ ^ (7.20) 

By the existence of edge- vectors Eii{v) and interpretation of ^jr as the area of the triangle /, the angle 
'^ cjt{v) is the 3-d dihedral angle between the triangles /,/' in the tetrahedron tg, which satisfies the 
gluing constraint and closure constraint in the Area- Angle Regge calculus [22]. If we compute the 2-d 
angle O^^^/ in tetrahedron tg^ by (We follow the convention in [22] in this formula^) 

cos Y,; ^ + cos Y,7,^ cos Yy/^jt ^, „ , , 

cosOy,^; = ^— ^ '— (7.21) 

The gluing constraint in area-angle Regge calculus requires the result should be independent of the two 
choice of tetrahedra sharing the triangle, i.e. ^u^u = ^ii,ik = ^(,t'- Such a constraint is satisfied here by 
the existence of edge- vectors E^{v). On the other hand, the area-angle Regge calculus closure constraint 
is manifestly satisfied here by the closure condition of bivectors. It is shown in [22] that given the area- 
angle variables ^jr and Yy f/ satisfying the gluing and closure constraint in area-angle Regge calculus-^°, 
they implies a unique set of edge-lengths s^ of the 4-simplex. Since the area-angle variables ^yjf and Yf f' 
are uniquely determined by the spinfoam critical data {jf,gve,Zyf), the spinfoam critical data {if,gve,'Z-vf) 
then uniquely fix a set of edge-lengths S£ of the 4-simplex. 

There is an important difference between critical spinfoam variables and length or area-angle varaibles 
in Regge calculus. That is, the spinfoam critical configuration {if,gve,^vf) ^so specifies the orientation 
of the geometrical 4-simplex by determining sgn(V4(z?)) by the following relation -"--^ 

Vi{v) = det [Ec^eiiv), Ee^eiiv), Ec^ciiv), Eegeii^)) = - -£c2e3{^)£eie5{v)tr [Xg^ej (z?) *Xe^es{^)] . (7.23) 



^Y.-j.; is the 3-d angle determined by the bivectors Xe^f.(c) and Xe.ej^(E'). ^ijid is the 2-d angle between the edges {Pi,Pi,PkY 

and ipi,Pj,piY , where e.g. ipi,P2rP3Y denotes the edge (^4,^5). 

■"■"The nondegenerancy assumption is also required. 

■'■■'■The orientation of a (topological) 4-simplex O";, is represented by an ordering of its 5 vertices, i.e. a tuple [pi,- ■ ■ ,^5]. 
Two orientations are opposite to each other if the two orderings are related by an odd permutation, e.g. [pi, p2, ■ ■ ■ , ps] = 
~[P2/Pl ' ' ' iPb]- We say that two neighboring 4-simplices a, a' are consistently oriented, if the orientation of their shared 
tetrahedron t induced from a is opposite to the orientation induced from a' . For example, a = [p\,p2/' ' ' / Ps] ^iid f' = 
~[Pl'P2'' ' ' fPs] ^^^ consistently oriented since the opposite orientations t = ±[p2/' ' ' / Ps] ^^s induced respectively from 
(7 and 0"'. The simplicial complex K. is said to be orientable if it is possible to orient consistently all pair of neighboring 
4-simplices. Such a choice of consistent 4-simplex orientations is called a global orientation. We assume we define a global 
orientation of the triangulation fC. Then for each 4-simplex Uy = \pi,p2,' ■ ■ /Ps]. we define the oriented volume (assumed to 
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while the Regge calculus variables doesn't contain such an information. It is discussed in Section 10 that 
the spinfoam critical data also partially contain information about the time- orientation of the (simplicial) 
spacetime. 

Given the uniqueness of the set of edge-lengths Sc of the 4-simplex, determined by the critical data 
{jf,gve,^vf)' the edge- vectors E^{v) of all the oriented edges I of the 4-simplex are determined up to a 
global 0(1,3) transformation acting simultaneously on all E^{v)'s. 

• SO^(l,3): A SO^(l,3) transformation simultaneously acting on all E^(v)'s results in a global 
SO (1,3) transformation on all Ue{v)'s thus Ne{v)'s. It corresponds to a SL(2,C) gauge transfor- 
mation at each vertex v acting on the critical data, i.e. g-^e i— > xlg^cZ^jf 1— ?■ Xj7^Zj,/ while the auxiliary 
spinor (,i,f is invariant under such a gauge transformation. In another words, if we gauge-fix the 
variables gve,z-of in the critical data, the global SO"*" (1,3) transformation on E^{v)'s is not allowed. 

• Parity P: If we define E^{v) 1-^ E^{v) = FEf{v), then Ue{v) 1— > Ue{v) = FUe{v), the bivector 
Xf{v) l-^► Xf{v) = -{F 0F)Xf{v), and the oriented 4-volume ^4(1?) l-^► Vi{v) = -¥4(^7). Such 
a transformation is not allowed if we specify the critical data {jf,gi,c,Z-^,f) since the critical data 
specifies uniquely the bivector and the oriented 4-volume. It turns out that the parity inversion 
E((v) I—?' Efi{v) corresponds to the following transformation between 2 different critical configura- 
tions {if,gve,Z-of) l-^► {if,g-oe,Z-of) with [7, 10] 

I \6ve^vf\ I 

where on the right hand side of the second relation z-of is assumed to satisfy the critical equations, 
especially Eq.(6.2). We call such a transformation a "solution-generating map" since it generates a 
new solution of critical equations from a given solution. We discuss in detail the solution-generating 
maps in Section 9. 

• Parity-Time inversion PT; Globally flipping sign E^{v) 1— ?► —yE^^o) is allowed by the critical data 
{if,gve,Zyf) because by the previously discussion Ue{v) and E^iv) are defined by the critical data 
up to ±1,. 

Therefore we have shown that a spinfoam critical data {jf,gve>Zyf) uniquely specifies a discrete 
cotetrad E£{v) in each 4-simplex, up to a flip of global sign zby. Then the 5 vectors Ue{v) is also 
determined up to ±1, by the inverse of E({v). 

The above analysis concerns only a single 4-simplex a-o- The critical equation XAv) = gvv'Xf{v')gyiy 
has not been studied yet. Now we consider two neighboring 4-simplices (7i?, CJ'i,' with their centers v,v' 
connected by a dual edge e. Here we skip the technical details of the analysis but state the result (see 
[9, 10] for a proof); 



be nonvanishing as the nondegeneracy) 

Vi{v) := det ( Ee^fi {'")- Ee^Ci (»), Ee^^ (i?), Eg^e^ (u) ) . (7.22) 
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Lemma 7.2. We define a sign £e{v) = ±1 by £e(p) \ij'()\ = Ne{v). Given an edge e = {v,v'), 
^fi^) = gvv'Xfiv')g^,,y and £e{v)j^^^ = Svv'£e{v')j^^^ implies that 

1. eiv) = c{v') = £ is a global sign on the tri angulation. 

2. For all edge i of a triangulation fg shared by the ^-simplices a-g and a^i , we have the 
parallel transportation relation for E((v) and E({v') up to a sign, i.e. 

}ieE({v) = gyy,E({v') (7.25) 

where jig = —ee(v)£e{v')sgn(y4^(v)V4^{v')). If Cl^,^i G SO(4) is the unique discrete spin connec- 
tion determined by E£{v),Ef^{v'), then 

gvv' = He^vv'- (7.26) 

Since E((v) and Ue{v) are determined by the critical data up to ztj,, thus the sign Eei'v) is 
determined up to ztj, and jig is determined up to iti,±j,' . The signs unambiguously determined 
by the critical data are £g(v)£i,i[v) and Y\e<zdf¥e- 

Assuming {if,gve,^vf) is a solution of the critical equations, then the parallel transportation relation 
of the resulting cotetrads located at different vertices implies the edge-length S( = \E({v)\ = |££(z7')| of 
an edge shared by 2-simplices (T-Ofa^t is single-valued and independent of c^jj-viewpoint or (7i,/-viewpoint. 
Therefore there exists a set of edge-lengths S£ for all the edges £ of the simplicial complex, such that 
"yjf are the triangle areas consistent with the the edge-lengths. However it is well-known that such a 
result can only be achieved by a subclass of triangle areas [21]. We thus conclude that the existence 
of the critical configuration {if,gve,^vf) compatible with the nondegeneracy condition Eq.(7.1) imposes 
a nontrivial restriction of the spin configuration jr. We call the allowed spin configurations Regge-like 
spins, otherwise we call them N on- Regge-like spins. A Regge-like spin configuration admits critical 
configurations with nondegenerate geometrical interpretation, while a non-Regge-like spin configuration 
doesn't result in any solution of the critical equation compatible with nondegeneracy condition Eq.(7.1). 

Let's summarize what we have achieved so far. The above discussion shows that a spinfoam crit- 
ical configuration {jf,gye,Zyf), with a Regge-like spin configuration and satisfying the nondegeneracy 
assumption Eq.(7.1), determines uniquely a set of data {■^yE^{v),£), where e = ±1 is a global sign on 
the triangulation. The data (iti,£^(c),e) have the following interpretation: 

• The set of space- like vectors E({v) is a discrete cotetrad-*-^ determined up to an overall sign ±1, in 
each 4-simplex, such that the bivectors satisfy 

Xf{v)=£*[Ei^{v)AEe^{v)] (7.28) 

where ^1,^2 are two edges of the triangle f.£ = ±1 is a global sign on the entire simplical complex. 



■"^^A discrete cotetrad is a set of vectors associated with the all edges of the simplicial complex, satisfying the defining 
properties (all the edges £ on the triangulation are oriented) 

E_({v) = —Ei{v), Efj(c) + Ei^{v) + E(^(v) = 0, ^1,^2/^3 form the boundary of a triangle / 

Ef^ (v) ■ Ee^{v) = Ei^ {v') ■ £4(0') 'iiiJ-l C t^ shared by a,, and Uj,/. (7.27) 
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• An oriented volume can be defined by 

V^iv) = dei{E(^{v),E(^{v),Ei^{v),Et^{v)), (7.29) 

and sgn(V4(y)) is understood as an orientation of the corresponding geometrical 4-simplex. 

• The norm of the bivector is given by |X^(z?)| = '^.'yjf. "yjf is interpreted as the area of triangle /, 
measured in the area unit a = kip. 

• By the inversion of the cotetrad E^iv) via U^' {v)EI.^ iv) = 5': — ^[, we obtain 5 vectors Ue{v) at each 
vertex v, which we call a discretized tetrad. We associate a sign ee{v) = ±1 to each vector Ue{v) 
by requiring ee(c) = +1 if Ue{v) is future-directed and £e{'v) = — 1 if Ue{v) is past-directed. 

• Given an edge e = {v,v') dual to a tetrahedron tg, for all edges I of the tetrahedron fg 

jieEeiv) = g^^,Ei{v'). (7.30) 

where jif, = —ec{v)ec{v')sgn{V4{v)V4^(v')). Thus a discrete metric can be constructed by 

Ge^e^iv) = Ei^{v) ■ Ei^{v) (7.31) 

^£^£2 i^ independent of the choice of v or its neighbor v' , i.e. 0(^(2 (^) ~ ^^1^2 (^') ^^ ^l' ^2 are shared by 
the two 4-simplices. It also means that the two geometrical 4-simplices induce the same geometry 
on the tetrahedron they share. The discrete metric, or essentially the edge-lengths s^ = \fQii, 
determines a discrete Lorentzian geometry on the simplicial complex. 

Note that since Ei{v) and Meiv) are determined by the critical data up to ztj,, the sign tg(v) is 
determined up to zb^, and ]ig is determined up to ±^,±1,'. The signs unambiguously determined by the 
critical data are te{v^tgi{p) and YlecdfHe- 

8 An Equivalence Theorem 

Theorem 8.1. A gauge equivalence class of the spinfoam critical configuration {if,gve,Zvf)> sat- 
isfying the nondegeneracy assumption Eq.(7.1), is equivalent to a set of geometrical data 
(ibi,Ef(c),e) with V^^v) i^O, where the space-like vectors Ef{v) is a nondegenerate discrete cote- 
trad on the triangulation, determined up to ±1, at each v, satisfying the defining properties 
(all the edges i on the triangulation are oriented) 

E_(i(v) = —E({v), E£^{v) + E(2(v) -\- Ef^lv) = 0, ^i,-f2/^3 form the boundary of a triangle f 
Ee^{v) ■ E^jl^) = ^fi(^') ■ ^iii'^') V^l/^2 C te shared by a^ and cr-oi . (8.1) 

e = ±1 is a global sign on the entire triangulation. 

Proof : The above discussion have shown that a critical configuration {jf,gverZ-of) satisfying Eq.(7.1) 
implies a nondegenerate (±-oE({v),e). So we only need to show that a set of data (ibi,E^(z7),e) with 
V4(v) + implies a gauge equivalence class of the critical data {jf,§ve,Zi,f) satisfying Eq.(7.1). 
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Given a set of data (±jjEi(v),e) (with the sign ambiguity ±1, at each v), where Ef{v) is a nondegenerate 
discrete cotetrad on the triangulation, we firstly define the geometrical bivector Xf[v) by Xf(v) : = 
e* [E(^[v) AE£^{v)]. Thus jjf is defined by 2|X/(5^)| which is independent of the choice oft? by Eq.(8.2). 

A spin connection Cl^yi G SO(l,3) is determined uniquely by Eg{v) (a proof can be found in [23] see 
also [9, 10]) with 

Eg{v) = n^^,Ee{v'), ye c te. (8.2) 

A discrete tetrad lle{v), which corresponds to 5 time- like vectors at each v, is given by E^iv) (deter- 
mined up to a sign ambiguity ibi, at each v) via 

^^''^^^ = 3^ ^ e^'^'"'"(i.)ei/KL4.,(^)EL,(^)£L,(^) (8.3) 

*^ ' l,m,n 

where the dependence of £jkimn{'^) °^ ^ reflects the (topological) orientations on different 4-simplices. 
For example for two neighboring 4-simplices sharing a tetrahedron tgg determined by (pi, p2, ps, pi), then 
£01234(^) = ~£oi2345(^'). see [10] for a detailed discussion. Therefore given e = {v,v') dual to a tetrahedron 
te 

-sgn(V.(.)y.(,/,)^=n„.,|^. 

We again associate a sign ee(f) = ±1 to each vector Ue{v) by requiring £e{v) = +1 if Ue{v) is future- 
directed and ee{v) = — 1 if Ue{v) is past-directed"^^. 

We define Ne{v) = £e{v) ijl ()\ (where the itj, ambiguities from £e{'o) and Ue{v) cancels) which is 
a set of future-pointing time-like unit 4-vectors. We define a sign jic = —£e{v)£e{'v')sgn{V4(v)V4{v')) 
associated with each edge e = (v,v'), and define the spinfoam edge holonomy g^^jr = ^gCl^j^i in the 
vector representation. One can verify that Nc{v) satisfies Ne{v) = gw'^ei'^')- Thus g^^i preserves the 
time-direction in the Minkowski space, i.e. gy^' belongs to the restricted Lorentz group g^yi G SO (1,3). 

Given an edge e with v = s{e),v' = t{e), the 4-vector Ne{v) specifies a point x in the hyperboloid 
H of future directed unit time-like vectors in Minkowski space. The point x determines a unique pure 
boost gi,e G SO^(l,3), such that gye{l,0,0,Oy = Ne{v). Then we define gyi,, = gv'vSve where gj,ij, = 
g^^i G SO^(l,3). It is easy to verify ^j,/g(l, 0, 0, 0)^ = Ne{v'). We can make a gauge transformation 
by gve 1-^ gvehcgv'e '"^ gv'ehe, he G SU(2), which leaves Ne{v),Ne{v') invariant. We identify gve,gv'e S 
SO^(l, 3) to be the vector representation of the critical spinfoam group variable, modulo the SU(2) gauge 
transformation on the edge. When we lift gvcgv'e to SL(2, C), we obtain the ambiguity because SL(2, C) 
is the double-cover group to SO (1,3). Again such an ambiguity is a discrete gauge freedom of the 
spinfoam action S. 

The bivector Xf{v) = e* [E^^ (v) A Ei^{v)] obviously satisfies the simplicity condition Ne{v) ■ *Xf(v) = 
and the parallel transportation gv'vXf{v)g-oi,t = Xriv'). If we define X^r = gevXf{v)gz,e = gev'Xf{v')gyif,, 
then Xgf satisfies (1,0,0,0)' • *Xef = 0, which implies there exists a unit 3- vector rigf G S^ such that 
*Xgf = l^jffief ■ / if we view Xgf belonging to the Lorentz Lie algebra. Similarly we have *Xgif = 



In the asymptotics of the Euchdean EPRL spinfoam amphtude, the sign £e{v) = ±1 has to be an independent variable to 
characterize the critical data, since the notion of future/past is not an invariant under the action of SO (4). Thus a Euclidean 
EPRL/FK critical data {if,gve,ngf) is equivalent to the geometrical data (±hE£(i;),£, ±i,ee(l')). 
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Ijjffigif ■ J with e' being the other edge adjacent to v. By the definitions of Xf,f,Xi,if, we have the relation 
Xgf = gevgve'^e'fSe'vSve- We define two SO(3) rotations Ri,f,Ri,if (determined up to U(l)) by 

RgfZ = ftgf, Re'fZ = n^if (8.5) 

where z is the unit vector along the spatial z-direction. Then 

^^/ (^TZ/Z ■ /) ^7/ = gevgve'Re'f {^ijf^ " /) R^jgc'vgve (8.6) 

Thus R^f gevgve'Re'f ^ SO^(l, 3) is a Lorentz transformation leaving the xy-plane invariant, i.e. it is a 
pure boost in fz-plane and a rotation in xy-plane, i.e. 

gcvgve' = Re/ef^'-^^f'-^R;,}, i6,</'G]R (8.7) 

By the complex parametrization of 2-sphere, the unit 3-vectors ni,f,ni,if define the normalized spinors 
^efi^e'f ^P to a U{\) phase. Then the rotations Rgf,Rf,if and the boost eP are represented on the 
2-spinors by the following SL(2, C) matrices 

R,-i^',-^l,\ R,-i^h-^h\ ,M....r_^^'V*" ° \ (S8) 

which implies that 

gevgve'Re'f = el"^e''^'%f, gevgve'Ke'f = e'l'/^e-'f'^K.f. (8.9) 

From the second above equation, we obtain that {g^^,)^^Rgif equals {g^e)^^Ref ^P t° ^ complex rescaling. 
We thus construct the critical spinfoam variable z^f by the normalization 

_ ^-,<pi,_^, igiy'Ce'f _ -^/^ igiy'^e'f 

'^~ \\{8le')-Ke'f\\-' \\{gle)-'Cef\\ ^^'''^ 

with (fr^,^ — (pl-o = (p/2. Therefore we have reconstructed the spinfoam data {if,gve/Zyf) from the geomet- 
rical data (±i,££(t;),e). It is a straight-forward task to check that the reconstructed spinfoam data does 
satisfy the critical equations. D 

The above equivalence theorem allows us to study the properties of the spinfoam critical configura- 
tions via its simplicial geometry correspondence. 

Proposition 8.2. A Regge-Uke spin configuration jr on a simplicial complex results in a finite 
number of spinfoam critical configurations {jf,gve,Zvf) satisfying the nondegenercy assumption. 

Proof : A spin configuration jt is called Regge-like if there exists a set of edges-lengths Si on the 
simplicial complex, such that jje are areas expressed by the edge-lengths. In general a Regge-like spin 
configuration may result in more than one set of edge-lengths. On a simplicial complex, there are only 
a finite number #s of different set of edge-lengths resulting from a Regge-like areas. 

Given a set of edge-lengths Sg, up to SL(2, C) gauge transformation and global sign zb^,, it determines 
two cotetrads, E({v) and its parity inversion Ei(v) = FEf(v), at each vertex v, as it was discussed in 
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the last section. Therefore a set of edge-lengths Sg results in 2 " cotetrads on the simplicial complex. 
Including the global sign ambiguity e, less than 2 x 2*'" possible geometrical configurations (ibi,E^(z;),e) are 
determined by a set of edge-lengths. The corresponding spinfoam critical data {jf,gve,^vf) is described 
by the solution-generating maps defined in Section 9. 

Therefore given a Regge-like spin configuration jr, up to gauge transformation, by Theorem 8.1, 
the number of critical configurations {jf,gve,Zz,f) satisfying the nondegenercy assumption is given by 
2 X 2*" X #s. n 

There are two remarks; 

• Note that the local parity inversion P, which transforms a critical configuration to another, flips 
the local spacetime orientations sgn(V4(z;)) of the individual 4-simplices. Thus there exists many 
spinfoam critical configurations corresponding to the non-uniform spacetime orientation sgn(V4(c)). 
Given a set of edge-length implied by jt, there are only 2 critical configurations with uniform 
spacetime orientation, i.e. one with sgn(V4(c)) > everywhere and the other with sgn(V4(i')) < 
everywhere. 

• If the simplicial complex has a boundary, it is shown in [10] that the global sign £ is determined by 
specifying the 3-dimensional boundary orientation. Therefore in this case only a half of the number 
of critical configurations presents. 

9 Solution- Generating Maps 

Local Parity Inversion: 

As it was mentioned previously, there is a parity transformation ^^ between spinfoam critical config- 
urations with ''^ = id 

^■.{if,gve,z^f)^ {if,gve,z^f) where g^, = Jg^J-^ = {gl^)-\ 2„/= ''I' ''Z (9.1) 

WSveZvfW 

where the data {jf,gve>Zyf) satisfies the critical equations Eqs.(6.1), (6.2), and (6.3). The definition of z^f 
is independent of the choice of e because of z^r is a critical variable, thus satisfies Eq.(6.2). Such a parity 
transformation was firstly pointed out by Barrett et al in [7] in the asymptotic analysis of the spinfoam 
vertex amplitude. An important property of the parity transformation is that the transformation is local, 
because it leaves gJgZj,y/| |^JeZj,j| | invariant (thus the auxiliary spinor ^^f is invariant). Therefore one may 
transform the variables gvcZyf i— )■ gve,z-gf at the vertex v but leave the other variables gv'erZ-o'f at other 
vertices invariant, while Eq.(6.1) still holds. We have the relation; 

Wgle^yfW = WgleZ^fW'^ (9.2) 

Thus ^ flips between Eqs.(6.6) and (6.7). 

Given that the parity transformation ^ is local, we only need to consider a single 4-simplex in order 
to see its geometrical implication. We first consider the unit time-like vector Ne{v) = gve^ (1/0, 0, 0)^ 
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The relation between Ne{v) and its parity transformation Ne{v) = gve > (1,0,0,0)' can be shown by using 
the Hermitian matrix representation of the vectors V = -j= \V^\ + Wcr] _ thus 



N. 



[v) = gvegl = Jg-ofglf}-' = }Ne{v)}-' = -^ [n^ {v)l - Ni{v)(rj 



(9.3) 



since JaJ ^ = —a. We denote the parity inversion in (R^, ^/j) by P = diag(l, —1, —1, —1), then we have 
Ne{v)=VNe{v). 

We define the bivectors X|(c) = gy^ ® gve > ^ef within the 4-simplices a^, where 

X\\ = Xl\ = 2jif [u A n,f] u = (1, 0, 0, 0)' (9.4) 

since ^^f is invariant under '^. Consider the Hermitian matrix representation of n^f, the action g^i, > figf 
is given by (note that /^ = —1) 

11 1 1 

—7^gve{nef ■ a)gl, = —=Jgyer\n,f ■ a)Jglj-^ = --^Jgr,e{n,f ■ a)glj-^ = --j=Fgr,e{nef ■ ^)^J/9.5) 

while we have shown gye > u = P [g^e > u), thus we obtain that 

Xf{v) = -{F(^F)Xf{v) (9.6) 

Recall the previous construction towards the geometrical interpretation of critical data. Following the 
same argument towards Eq.(7.2), we obtain the following relation between the bivectors and Ng(^v)'s 
constructed from gyi, 

Xf{v) =&,,>{v)Ne{v) ANe'{v) => -{F (g)'P)Xf{v) = K,,, {v)FNe{v) APNe'{v) (9.7) 

Then we have the relation ^^^/(z?) = — agg/(c) and ^ee'i'^) = ~^ee'{'^)> where ^ce'{'^) = *ee'(^)^ee'(^) ^^^ 
^ee'(^) = *ee'(^)^£'e'('^)- Following the same procedure as before, we denote ^g^,,. by j6y and construct the 
closure condition for the 4-simplex a^, 

Y,~^ij{v)Ne.{v)=Q (9.8) 

7=1 

by choosing the nonvanishing diagonal elements ^,,. Since we have the closure condition X]/=i l^ijNe (v) = 
0, the parity inversion Ne{'v) = 'PNc{v), and f>ij{v) = —^ij{v) for / i= j, we obtain that the diagonal 
elements ^n(^) = —^ii{v). Furthermore we can show that jS,; can be factorized in the same way as in 
Lemma 7.1 

H^) = sgn(i6/o;o(^))A-(^)i6;(t^) ~^i{v) = ~^jj,{v)/ ^\hiM\ (9-9) 

which results in that 

sgn(^;o;o(^)) = -sgn(i6;o/o(t^)) and f,j{v) = -^j{v) (9.10) 

We construct the 4-volume for ^j{v)Ne.{v) 

Mv) := det (^~^2{v)N''{v),^3{v)N'^{v),^^{v)N'*{v),^5{v)N''{v)) = -Va{v) (9.11) 
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since the Minkowski parity inversion flips the sign of oriented 4- volume. Recall the sign factor e{v) = 
sgn{^jgj^{v))sgn{V^{v)), then we have for the parity inversion 

~e{v) = sgn(^y„y„(t;))sgn(t/4(z;)) = e{v) (9.12) 

Recall that the sign e{v) is actually independent of v by Lemma 7.2. This result shows that the critical 
data {jf,gve,^vf) aiid its parity transformation {jfigvc^vf) corresponds to an identical global sign factor 
e for the bivector. 

The discrete tetrad is deflned by Ue{v) = ifcp ^^V-^ £^-. Ue{v) constructed from parity conflguration 
{if,g-oe,^vf) relates Ue{v) from {if,gve,z^f) by a Minkowski parity inversion 

Ue{v) = VUe{v) (9.13) 

The same relation holds for the cotetrad Ef{v) 

Ee{v) = PE({v) (9.14) 

from the relation U^' (v)EI i, (v) = Sj^ — Si- For the geometrical interpretation of bivector 

Xf{v) =eV4 [Ue{v) A Ue'{v)] and Xf{v) =e * [Ee^{v) A Ei^{v)] (9.15) 

which is consistent because of the relations Xf{v) = — (P (^ P)X^(p), Ue{v) = FUe{v), E^{v) = FEi{v), 
Vi^{v) = —V4{v), and Eijkl^^ m^ N^^P^^O ~ ~^MNPQ- Here we emphasize that the sign factor £ for the 
parity conflguration {jf,gve,Zi,f) is the same as the original conflguration {jf,gve,Zj,f), thus is consistent 
with the fact that £ is a global sign factor on the entire simplicial complex, i.e. the local parity inversion 
of the critical data doesn't change the sign £ locally. 

Now we summarize the geometrical implication of the local parity inversion ^. Given a critical data 
{jf,gve,^vf) which is equivalent to the nondegenerate geometrical data {^^E({v);e), a parity inversion '^ 
acting locally on the variables at a single vertex v (or several vertices) gives a new critical data {jf,gve,z-of) 
where gjj,, + gvei^vf ^ '^vf orily at v, where the new critical data is equivalent to the geometrical data 
(ibi,PE£(i7), {ibj,/££(c')}j,/^j,;£) with P the parity inversion on Minkowski space. 

Global /-Parity Inversion; 

We deflne another solution-generating map 3 between critical conflgurations with 3^ = 1 by the 
following 

3 : {if,gx,e,Z^f) ^ {if,gve,Zyf) where g-oe = JgveV^ = igley^, Z-,f = ijz^f (9.16) 

for all the gvcZ^f variables, which we call a global /-Parity inversion. Such a transformation doesn't 
leaves gtieZ-of / \\gli,z^f\\ invariant thus transforms the auxiliary spinor ^^f into 



J4>L SveZyf 



be/ — '- I I <'+ » 11"-' 
\6,ve^vf\ 



,-i^l-, SveZyf 



\gveZvf\ 



ij^ef (9.17) 



if we ask ^{j, = —(piv Here we also use the relation that (/Z, /Z') = {Z',Z), i.e. / is anti-unitary. It 
is straight-forward to check the critical equations Eqs.(6.1), (6.2) and (6.3) are invariant if we change 
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ttjjj,/ I— 7- a^^y = — %j,/- It means that given a solution {if,gve,Z-of) of the critical equation with the phase 
e"*!!p' in Eq.(6.1), the map 3 gives a new solution {if,gve,'Zvf) of the critical equation with the phase e^^'^"-"' 
in Eq.(6.1). Moreover such a transformation must act globally on all the gve,Zj,f variables in order to 
make Eq.(6.1) invariant. 

Since the expression of ^j,e is the same as g^e in the above parity transformation ^, the unit time-like 
vector Ne{v) transforms in the same way as above, i.e. 

Ne{v) ^ Ne{v) = VNe{v) (9.18) 

where P is the parity inversion on Minkowski spacetime. However the bivectors Xi,f don't transform in 
the same way as above, because flgf i— ?■ —fief since [,f,f '~^ U(,ef t>y the action of 3- So here we have 

Xef ^ Xfiv) = (P ® F)Xf{v) (9.19) 

which implies ^^e' = ^ee' thus s^{^j^j^) = sgn(j6ygy„). On the other hand, since Ne{v) = PNg(f), the 
oriented 4-volume flips its sign V^{v) = —¥4^(1}). Therefore we obtain that the global sign £ flips by the 
action of 3. i-e. 

e\-> £ = -e (9.20) 

which is consistent with the fact that the /-parity inversion 3 is defined globally on all the gvc^vf 
variables. 

By the same construction as above, we obtain the tetrad and cotetrad transformed by /-parity 
inversion 3 is the same as the ones transformed by the parity inversion '^P, i.e. 

Ue{v) = VUe(v), Eg{v) = FEi{v) (9.21) 

Then the bivector is expressed as 

Xf{v) = £ % [Ue{v) A Ue>{v)] = £ ¥4 [^Ue{v) A VUe'{v)] 

Xf{v) = £ * [4(z;) A%(t;)] = -£ * [P£^^(i;) A P%(t;)] . (9.22) 

As a result, we summarize the geometrical implication of the global /-parity inversion 3- Given a 
critical data {jf,gye,Zyf) which is equivalent to the nondegenerate geometrical data {:Lz,E({v);e), a global 
/-parity inversion 3 acting globally on all the gve/Z^f variables gives a new critical data {jf,gye,Zjjf), where 
the new critical data is equivalent to the geometrical data (±yFE({v); —e) with P the parity inversion on 
Minkowski space. 

As it was mentioned in the proof of Proposition 8.2, given a set of edge-lengths implied by the Regge- 
like if, there are in total 2" x 2 spinfoam critical configurations satisfying the nondegeneracy conditions 
Eq.(7.1). It is shown above that given any one of these 2 " x 2 spinfoam critical configurations, all the 
others can be completely generated by the solution-generating maps: local parity inversion Sl^ and global 
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/-parity inversion 3- It is shown in the following commutative diagram: 

Local Parity Inversion ^^ 

i i 

Global /-Parity Inversion 3 Global /-Parity Inversion 3 

; ; 

{if,gve,Zvf) ^ (±i,P£^(z?);-£) > {if,gveXf) ^ (±z;£f l'^); "£) 

Local Parity Inversion ^ 

(9.23) 



where the local parity ^ and global /-parity 3 indeed commute to each other since gye = gve = gve a-nd 

iJZyf = z^f. (9.24) 



~ gvegve^vf . , 

^-/ = WYM2 = 'J 

I \dve^vf\ I 



gvegve^vf 
Mp-t z /IP 



Finally we would like to remark that the global /-parity inversion, as a symmetry of the critical 
equations, is broken explicitly by the boundary of the spinfoam amplitude, when we impose an orientation 
of the boundary, because it is shown in [10] that the boundary orientation fix the sign ambiguity e^'^. 

10 Time-Oriented Critical Configurations 

The equivalent relation between spinfoam critical configurations and simplicial geometries described in 
Theorem 8.1 allows us to study the spacetime time-orientation in the context of large spin spinfoam 
asymptotics. 

In standard GR, given a 4-dimensional spacetime with a spacetime-orientation {M,ga^,£aBuv)> its 
oriented orthonormal frame bundle is a principal fiber bundle with structure group SO(l,3) where the 
orthonormal basis satisfies ea.P,uv^Q^\^2^\ > 0- Given a 4-dimensional spacetime with both a spacetime- 
orientation and a time-orientation {M,guji,£aBuv>T) where T is a time-function, its oriented and time- 
oriented orthonormal frame bundle is a principle fiber bundle with structure group SO^(l,3) or SL(2, C), 
since the orthonormal basis has an additional constraint egV^T < 0. Then in order to preserve the 
spacetime-orientation and time- orientation of the orthonormal basis, the holonomies of any path is a 
group element in SL(2, C). 

For a spinfoam critical data {jf,gve,Zvf) equivalent to the geometrical data (iti,£^(z?),£), its spacetime- 
orientation is specified by sgn(V4(c)). Since we have the parallel transportation Ei{v) = Cly^iE({v) with 
the spin connection Cl^yi = jiegw' (f e = ~£e(^)£e(^')^§^(^4(^)^4(^')))> then as an analog of the standard 
GR case, it seems we should require the spin connection Cly^,' belongs to SO (1,3) to define a discrete 
analog of time-oriented spacetime. However such a requirement doesn't make sense in our context 
because the discrete cotetrad Ef(c) is only determined up to the sign ambiguity ibi,. Thus Cl^yi also has 
a sign ambiguity which ruins the requirement that Qj,j,/ G SO^(l,3). Therefore we have to look for the 



■'■''it can also be seen by the fact that ^^c is the boundary data if there is a boundary of spinfoam, ■while the global /-parity 
inversion transform ^^.f i— > i]l,gf. 
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quantity which is free of the ±i,-ambiguity. A good candidate is the loop holonomy of spin connection 
Clf = Y[i,(^dfdg along the boundary of a dual face. So we make the following definition; 

Definition 10.1. Considering a spinfoam critical data {if,gve,^vf) equivalent to the nondegenerate 
geometrical data {:izi,E('{v),£): 

(1) Given a region TZ in the simplicial complex with a constant spacetime orientation 
sgn{V4^{v)), the region TZ is time- oriented if for all the faces f in the region, the loop holonomy 
of spin connection Clf belongs to SO (1,3). 

(2) Since the spinfoam variable g-^e always belongs to SL(2, C), then an equivalent definition 
is that for all the faces f in the region TZ^^ 

n M^ = n [-^e{vM^')] = 1 (10-1) 

ecdf ecdf 

Recall that £e{'^) = +1 or —1 if the discrete tetrad Ue{v) is future-pointing or past-pointing in 
the Minkowski space. 

In order to construct the oriented and time-oriented spacetime region as a spinfoam critical config- 
uration, we define a nondegenerate discrete time-like tetrad Uc{v) at each vertex satisfying J^^, Ue{v) = 
(specifying a tetrad Ue{v) is equivalent to specifying a cotetrad E((v)), and we ask 

1. For each vertex Z7 in a region TZ, the (inverse) 4-volume ^^^4^ = det {W^ (v) , W^ (v) , W* (v) , W^ (v)) 
is uniformly positive (or uniformly negative). 

2. For each edge e connecting v,v' in TZ, the two time-like vectors Ui;{v) and llc{v') contain one 
future-pointing vector and one past-pointing vector. 

The above second requirement immediately implies that [—ee{v)ee{'v')] = 1 thus Eq.(lO.l) is satisfied 
for the tetrad Ue{v) on the simplicial subcomplex TZ. Eq.(lO.l) is certainly not going to be violated if 
we implement the ambiguity ±1; to lle{v) at each individual vertex. If Ef{v) is the cotetrad uniquely 
determined by the tetrad Ue{v) satisfying the above requirements (up to ibp), then by the equivalence 
theorem 8.1. The spinfoam critical data {jf,gve,^vf) equivalent to [■^yEi{v),£) is a spinfoam analog of 
the oriented and time-oriented spacetime in the region TZ. 

11 Degenerate Geometrical Interpretation 

The previous discussion respects the nondegeneracy assumption Eq.(7.1). In this section we briefly 
discuss the case when Eq.(7.1) is violated, i.e. we consider a lower dimensional subspace of spinfoam 
configurations {if,gve,Zvf) given by 

dei{NeAv),Ne,{v),NeA-0),Ne,{v)) =0 (11.1) 

for some choices of 4 different edges. We can construct the bivectors by using the group variables 
satisfying Eq.(ll.l) as we did before. However it is shown in [7] that the bivectors in each simplex are 



■"■^The definition Eq.(lO.l) may be understood as a generalization of condition ejij VT < to our context, once we consistently 
choose a future-direction in the internal Minkowski space where Ue{v) lives. 
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contained in a S-dimensional subspace orthogonal to (1,0,0,0)', once Eq.(ll.l) is satisfied. It means 
that all the unit vectors Ne{v) are parallel and equal to (1,0,0,0)' and the critical group variables gy^ 
belong to SU(2). Thus the critical equation Eq.(6.2) becomes a trivial equation, while the other critical 
equations Eqs.(6.1) and (6.3) reduce to 

g-^}z^f = e'^vv'g-lz^,f^ and J^ifeef{v){g-,h-,f\a\g-,}z^f) = 0, (11.2) 

/ 

if we partially gauge fix (^Zjjf,Zj,A = 1. Accordingly in terms of the auxiliary spinor ^^f, the critical 
equations Eq.(6.6), (6.7), and (6.8) reduce to 

gve^ef = £"''"•'' gve'^e'f, and J^eef{v)if{^,f a ^,f) = J^e,f{v)ifn,f = (11.3) 

/ / 

Which are essentially the critical equations of large spin asymptotics in Euclidean EPRL spinfoam ampli- 
tude (studied in [7, 10]) or in SU(2) BF theory (studied in [24]). The result of analysis can be summarized 
in the following: There are two types of solutions of the critical equations when the degenercy Eq.(ll.l) 
is satisfied. 

Type-A; Given a solution {jfrgve, (,ef) of Eq.(11.3), it may determine uniquely another solution {jf,g'z,g, Cef) 
in each individual 4-simplex with ^^g i^ g^^ [7] . Because of the uniqueness, we can write the critical 
solution to be {jf,{gve/gve)'(!ef) with gverg've S SU(2). Then it turns out that the critical data 
{if'iS^ergve)'(yef) is equivallent to a Euclidean (discrete) geometrical data: 

{if'{gve,g've)'Cef) ^^ {±yEf (v), C, ee{v)). (11.4) 

Ef[v) is a nondegenerate discrete cotetrad of Euclidean geometry, where the nondegeneracy is 
implied by g^e * g'ye- Here £,(z;) = sgn (Uf (t;)Nf (t;)) Wf{v) = (^z;e, ^^ J > (1,0,0,0)0 has to 
appear in order to establish the equivalence since the notion of future/past is not an invariant 
under the action of SO (4), as we mentioned in a previous footnote. 

Note that such a type of critical configuration can appear from any Regge-like spin configuration, 
which implies the nondegeneracy of the Lorentzian geometry, since all the edge-vectors are space- 
like, as a property shared by both the Lorenzian and Euclidean 4-simplices. Such a type of critical 
configuration can also appear from some N on- Regge-like spin configurations in the Lorenzian sense, 
which however is Regge-like in the Euclidean sense, i.e. there exists edge-lengths s^ such that ^jr 
are the Euclidean areas given by the edge-lengths-^^. 

Type-B: There exist the critical solutions {jf,gve,Zef) which don't give any other solution, or namely, 
give uniquely another solution {jf,gve'^ef) with g^^ = g-^e- In such a case, the geometrical 4-simplex 
is degenerate even in the Euclidean sense. The corresponding geometry is called a vector geometry 
[7]. 



The (Lorentzian) Regge-like spin configurations considered previously is a proper subset of EuclideEin Regge-like spin 
configurations . 
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12 Critical Action 



The spinfoam action S evaluated at the critical configuration (jf,gye,Zyf), written on the exponential 
gS(xo)^ is the overall factor in the asymptotic expansion given in Theorem 4.1, and gives the leading 
contribution to the asymptotic series. The asymptotic expansion develops a perturbation theory of 
the partial amplitude A; (AT) from the vacuum [jf,g^i,,Zyf). Here we consider the critical action at a 
physical vacuum, which is a spinfoam critical configuration corresponding to an oriented, time- oriented, 
non-degenerate Lorentzian simplical geometry. 

The spinfoam action S can be written as a sum of face actions Sr, which are evaluated at the critical 
configuration solving Eqs.(6.1), (6.2), and (6.3) or Eqs.(6.6), (6.7), and (6.8): 



S/ = 2/77/ E 1" ■ 

v&df 



-•ve' f I 



■^vef] 



v€df 



V VGdf 



2_i <Peve' 

vGdf 



(12.1) 



where we have denoted \\Z^gf\\/\\Z. 



■^ve'f I 



e eve' , Recall Eqs.(6.6) and (6.7), and consider the following 



£/ 



(12.2) 



successive actions on {^efrJCef) °^ Se'vS^e along the entire boundary of the face / 

^63/ 

So if we consider {^ef/J(,ef) is an SU(2) matrix, we obtain the expression of the loop holonomy Gf{e) 
tlvGdfge'vgve 



Gf{e) = exp 



E {Oeve' + i(peve') O- ■ fief 

vGdf 



(12.3) 



where n^f = {^^fl^l^ef)- 

We have the following identities 

^1 



Intr 
Intr 



l + a-nef)Gf{e) 



vGdf vGdf 



Ul + a.n,f)G}{e)\ = J^ 



(12.4) 



J/V^; — ^ "eve' — / 2j ^e^e' 
vGdf vGdf 

by using the properties of Pauli matrices; [a ■ n) = l2x2 and (a ■ n)^^^ = a ■ h. Insert these relations 
into the expression of the face action Sr 



Sf = -(^7 + 1)7/ Intr 



(z7 — l)7yintr 



-{l + o--nef)Gf{e) 

We define the following variables by making a parallel transport to a vertex v 

Xf{v):= g^eff ■ n^fgev X}{v) := gt^a ■ n^fgle 
Gf{v) := gveGf{e)gey G}{v) := gl,Gf{e)gl, 



l{l + a-nef)G}{e) 



(12.5) 



(12.6) 



From Eq.(6.20) Xf{v) is related to the bivector Xf{v) by Xf{v) = Xf{v)/^if. Clearly the definition of 
XAv) is independent of the choice of e by the discussion in Section 6. In terms of Xf{v) and GAv), the 
critical face action is written as 



S/ = -(i7 + 1)7/ Intr 



[l + Xf{v))Gf{e) 



(f7 — l)7|lntr 



^^l + X}{v))G}{e) 



(12.7) 
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According to the geometrical interpretation of the critical data, there exists a unique cotetrad E£{v) up 
to ±1,, such that the bivector Xf{v) is written as 

^/(-)=2^^^^4^T^#T% (12.8) 

and the spinfoam edge holonomy gy^r equals to the spin connection Ojjj,/ up to a sign jif,, i-s. gw' = j^-e^w'- 
We assume that the critical data corresponds to a time-oriented spacetime, then YlecdfHe — 1- Thus we 
have 

Gf{v) = Clfiv) = Yl ^w- (12.9) 

{v,li')cdf 

Therefore the spinfoam loop holonomy at the critical point satisfies 

Gf{v)Et>{v) = Ei{v) (12.10) 

for the three edges i of the triangle /. The spinfoam loop holonomy Gf{v) G SO (1,3) then can only be 
a pure boost leaving the triangle / invariant. Then Gf{v) can be expressed as 



Gf{v) = exp 



*E(^{v)AEe,{v) 



T©f 



'40/X/W (12.11) 



*Ei^{v)AEg^{v)\ f 
where 0/ is the Regge deficit angle-^^ determined by the geometry E^iv) [23] 

Inserting the expression of Gf{v) into Eq.(12.7), we obtain the expression of critical action 



18 



S = -kYjVf®f (12.12) 

/ 

which is the Lorentzian Regge action for discrete GR if ^jf is identified to be the area. Such a result 
including the geometrical interpretation has the following meaning: if we consider perturbation expansion 
of the partial amplitude A; (AT) developed from a vacuum, and let the vacuum be a spinfoam critical 
configuration {jf,gve,^vf) equivalent to a globally oriented, time-oriented, nondegenerate geometry, the 
leading order of the perturbative expansion is an exponential of Regge action in GR. All the corrections 
to the Regge action from non-critical configurations in Aj{]C) is classified in the 1/A-corrections. 

We refer to [10] for the critical action at a generic spinfoam critical configuration corresponding 
to non-globally oriented, or time-nonoriented spacetime, as well as the degenerate situation. In all 
the unphysical situations, the critical action doesn't precisely give a Lorentzian Regge action, but the 
following modifications: 

Time-Nonoriented : If the critical data doesn't correspond to a globally time-oriented simplicial spacetime, 
the critical action contains a term in addition to the Regge action 

STime-Nonoriented = ~^^^^7/^/ (12.13) 

/ 

where n / = 1 if the time- orientation condition is violated at a face /, i.e. riec3f ¥e ~ ~1> otherwise 
rif = 0. 



©f being the Regge deficit angle relies on the assumption that the critical data corresponds to a globally oriented discrete 
spacetime, i.e. sgn(V4(ci)) is a constant in the region we are interested in. See [10] for a detailed discussion. 

In case that there is a boundary of the spinfoam, the critical action at a physical vacuum has an additional Regge 
boundary term, i.e. S = —i^Ylf lif®f ~ '^Ef ^if®f> where @r is the 4-d dihedral angle between the corresponding boundary 
tetrahedra. Here the global sign e is either +1 or —1 is fixed by the 3-d orientation from boundary data. 
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Spacetime-Nonoriented; In general for a region with uniform spacetime orientation sgn(V4) is either +1 
or —1, the critical action is given by sgn(V4)S. Thus for a critical data with non-uniform sgn(V4), 
one has to make a partition of the simplicial complex into regions {TZi}i, such that sgn(V4) is a 
constant on each region TZj. Then the critical action is given by a sum J^jSgn(V4^)-jijS 



Euclidean : If the nondegenerate assumption Eq.(7.1) is violated by the critical data, and the critical 
data is classified to be Type-A, the critical action is an analog of Euclidean Regge action (with the 

if if is identified to be the area. 



modifications) S = — /sgn(V4)£ Ef 7/0? + TiYlfif^f 



Vector Geometry; If the nondegenerate assumption Eq.(7.1) is violated by the critical data, and the 
critical data is classified to be Type-B, the critical action can be written as S = —ij^fjf^f where 
Of is an 3-d rotation angle determined by the vector geometry. 
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